With each isolating block for a homeomorphism of an orientable manifold we associate a cup product pairing. Up to an isomorphism, this is a pairing of the discrete Conley indices of the homeomorphism and its inverse on the isolating block. We show that this pairing is nondegenerate. As a corollary we prove a time duality result for the discrete Conley index.
Introduction
The observation that the Poincare-Lefschetz duality theorem can be used to establish a relationship between the Conley indices of an isolated invariant set with respect to forward and backward time comes from C. McCord 4] . A simple proof of a result of this type in the continuous setting was given by M. Mrozek and R.Srzednicki in 7] . In the unpublished typescript 9] a discrete counterpart of the time-duality is proved. Roughly speaking, it states that the q-dimensional cohomological Conley index of an isolated invariant set with respect to an orientation preserving homeomorphism is equal to the (n ? q)-dimensional homological Conley index of the same invariant set with respect to its inverse, where n is the dimension of the manifold. If the homeomorphism reverses orientation, the index maps with respect to 1 forward and backward time di er by a sign. However, in applications another version of the time-duality turns out to be of more use. Intersection pairings de ned by Kurland 3] , provide the language for a concise representation of the time-duality isomorphisms, which can be obtained from a statement about nondegeneracy of the intersection pairings on Conley indices. In our paper we follow this approach and prove a nondegeneracy theorem for a pairing of the discrete-time Conley indices de ned by the cup product. In this respect, this paper extends the results of 9]. Our main motivation for this extension is an application for a topological version of the Smale-Birkho theorem 2].
Linear algebraic preliminaries
Let F be a xed eld and V a vector space over F. For One can easily check that ' maps both gim ' and gker ' into themselves. Therefore, it induces endomorphisms of V=gker ' and gim ', which will be denoted by L 1 (') and L 2 (') (respectively). The Leray reduction of ' 6, section 4] is the endomorphism L 2 (L 1 (')) of gim L 1 ('). In the sequel, we shall denote it by L('). It Proof. Let ' i be the restriction of ' to V i = im ' i (i 2 Z + ). We have the following diagram, in which the vertical arrows are inclusion-induced and the slant one is the appropriate restriction of '.
. Since ' is of nite type, V n = gim ' for some n. Moreover, for such an n, ' n is an isomorphism. Hence A compact set K X is called an isolating neighbourhood if Inv f K int K. A set S is an invariant set i f(S) = S or, equivalently, S is its own invariant part. It is said to be an isolated invariant set if and only if it is the invariant part of some isolating neighbourhood. A pair Q = (Q 1 ; Q 0 ) is called an index pair for S i the following three conditions hold.
For such a pair, the index map f Q : Q 1 =Q 0 ! Q 1 =Q 0 is de ned. More precisely, f Q is the map induced by f, given by the formula
We note that, as it is usually done in the Conley index theory, by the quotient space Q 1 =Q 0 we mean the pointed space resulting from Q 1 as the points of Q 0 are identi ed to a single distinguished point denoted by Q 0 ]. The q-dimensional cohomological (homological) Conley index of f Q , which will be denoted by h q (S; f; X) (h q (S; f; X)), is the conjugacy class of the Leray reduction of the endomorphism H q (f Q ) of H q (Q 1 =Q 0 ) (respectively, H q (f Q ) of H q (Q 1 =Q 0 )). By H we mean the singular cohomology. In the sequel we are also going to use the Cech cohomology, which will be denoted by H . Our reference for algebraic topology is 1].
The cup product pairing
Throughout this and the next sections, F is a xed eld and f stands for a homeomorphism of an n-dimensional connected F-orientable topological manifold M into itself. All homology and cohomology used in the sequel has coe cients in F. Let Note that in the above de nition an unmarked arrow represents an appropriate inclusion-induced homomorphism (this convention applies to all diagrams in this paper).
The main result of this section is the following theorem, stating that g + and g ? are dual with respect to the -product pairing. Here is an outline of the proof. First, one nds a nonzero element 1 in H n?q (L 1 ; L 2 ) which, in some natural sense, corresponds to 0 and is not annihilated by any iterate of the endomorphism induced by f ?1 (de ned with the aid of the pair (K 1 ; K 2 ) in a similar way as f ? ). Lemma 1.2 and the fact that the coe cient ring is a eld allow to nd an element 0 of H n?q (L 1 ; L 2 ) whose scalar product with 1 Let us note that, in fact, (4.2) does not require eld coe cients -it can be proved directly (not as a corollary of the nondegeneracy of the cup product pairing) by a similar method (see also 9] ). An application of the above theorem for f being the time-one map for a continuous-time ow yields continuous-time duality of 4] and 7].
